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Abstract
We show by an injective proof that a word w of length k2 occurs as a factor in a minimum number of words of length n (n> k)
if and only if all letters of w are equal.
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1. Notation and preliminary results
In this paper, we consider words w of length (number of letters) denoted by |w|, over a ﬁnite alphabetA of cardinality
|A| = m2.A factor of w ∈ A∗ is a word v ∈ A∗ for which there exist p, q ∈ A∗ such that w = pvq [1]. A factor v of
a word w can occur in w in different positions, each of those being greater by one than the length of the corresponding
preﬁx of w preceding v. For example, abc occurs in babcababcc in positions 2 and 7. The ﬁrst occurrence of v in w is
that occurrence having minimum position. If a ∈ A, ak will denote the word of length k having all letters equal to a.
Now we consider the following problem: Find the set of words of length k occurring as factors in a minimum
number of words of length n over A for n > k. Note that this problem was also considered in [4], where an incomplete
solutionwas proposed.This problem can be solved by using the autocorrelation polynomial of awordw = a1a2 . . . ak ∈
A∗, deﬁned by Guibas and Odlyzko [2] (see also [3, Chapter 4], where a slightly different deﬁnition was used). The
autocorrelation polynomial Aw(x) = c1xk−1 + c2xk−2 +· · ·+ ck , where ci = 1 if a1a2 . . . ak−i+1 = aiai+1 . . . ak and
ci = 0 otherwise. In [2] it was proved that if Aw1(m) > Aw2(m), then for all n > k1 the number of words of length n
over A containing a factor equal to w1 is less than or equal to the number of words of length n over A containing a factor
equal to w2. It follows that all words w of length k over A verifying Aw(x) = 1+ x + x2 +· · ·+ xk−1 occur as a factor
in a minimum number of words of length n over A. But {w : w ∈ A∗, |w| = k,Aw(x) = 1 + x + x2 + · · · + xk−1} =
{w = ak : a ∈ A} and this set contains exactly m words having equal letters. From this property of the autocorrelation
polynomial we cannot deduce the uniqueness of the words having equal letters relatively to the property to be a factor
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occurring in a minimum number of words of length n (n > k) over A. This will be shown in the next section by an
injective proof.
2. An injective proof
Theorem 2.1. Let n > k2 be natural numbers and A be a ﬁnite alphabet with m2 letters. Then a word w of length
k over A occurs as a factor in a minimum number of words of length n over A if and only if all letters of w are equal.
Proof. Let  = ak , where a ∈ A and  = ,  = 1 . . . k be a word of length k over A. By denoting by L(n, ) and
L(n, ) the sets of words of length n over A containing a factor equal to  and to , respectively, we will show that
there exists an injective function  : L(n, ) → L(n, ), which implies |L(n, )| |L(n, )|. Moreover, if  contains
at least two different letters then  is not a surjection, hence |L(n, )| < |L(n, )|.
For this purpose we shall denote byM(n, , )⊂L(n, )∩L(n, ) the set of words w ∈ L(n, ) having the property
that there exists an occurrence of  in w occurring in a position greater by at least k than the minimum position of an
occurrence of  in w.  is deﬁned by the following three rules. Let w ∈ L(n, ):
(r1) If w ∈M(n, , ) then (w) = w.
(r2) If w /∈ M(n, , ) but w has a factor of the form ak, where  is a proper sufﬁx of maximum length of  and
the position of ak in w is the position of the ﬁrst occurrence of  = ak in w, then (w) is obtained from w by
replacing the factor ak by the factor al, where l = ||;
(r3) If w /∈M(n, , ) and the ﬁrst occurrence of ak in w is not contiguous at the right to any proper sufﬁx of , then
(w) is obtained from w by replacing the ﬁrst occurrence of  by .
Note that the rule r2 replaces the last k − l letters of ak by the ﬁrst k − l letters of  such that (w) ∈ L(n, ).
For example, if A = {a, b},  = a3,  = b3 and n = 6 we have: (aaaaaa) = bbbaaa (r3); (aaabbb) = aaabbb
(r1); (abaaaa) = abbbba (r3); (abaaab) = ababbb (r2); (bbaaab) = bbabbb (r2); (baaabb) = baabbb
(r2); (aaabaa) = abbbaa (r2) etc.
We shall prove the injectivity of by considering several cases. Letu1, u2 ∈ L(n, ) such thatu1 = u2. If(u1) = u1
and (u2) = u2 we have nothing to prove. Otherwise suppose that (u1) = (u2). We have to consider essentially
two cases: 1. (u1) = u1, (u2) = u2 and 2. (u1) = u1 and (u2) = u2.
Case 1: In this case (u1) = (u2) = u1 = u2. Two subcases may occur: 1a. (u2) is obtained from u2 by the rule
r2; 1b. (u2) is obtained from u2 by the rule r3.
Subcase 1a: In this case u1 contains the factor  = ak occurring in a position denoted by i and u2 contains a
factor equal to akj+k−p+1 . . . k occurring in a position denoted by j (1p − jk − 1) and j is the position of the
ﬁrst occurrence of ak in u2. If j > i then (u2) = u1 implies that in u2 the ﬁrst occurrence of ak is less than j, a
contradiction. Otherwise j i and equality (u2) = u1 implies that there exists an occurrence of  in u2 occurring in
a position greater than or equal to k + j . But this implies u2 ∈M(n, , ), hence (u2) = u2, a contradiction.
Subcase 1b: In this case u1 ∈ M(n, , ) contains the factor  = ak occurring in a position i and  in a position
greater than or equal to k + i and u2 /∈M(n, , ) contains the ﬁrst occurrence of  = ak in a position equal to j. If
j i then u1 = (u2) implies that  is a factor of u2 occurring in a position greater than or equal to k + ik + j
which would imply u2 ∈M(n, , ), a contradiction. If j > i we deduce that the ﬁrst occurrence of  = ak in u2 has
a position less than or equal to i < j , a contradiction.
Case 2: Since (u1) = u1 and (u2) = u2 we must consider essentially three subcases: 2a. (u1) and (u2) are
obtained from u1 and u2, respectively, by the rule r2; 2b. (u1) is obtained by r3 and (u2) by r2; 2c. (u1) and (u2)
are obtained by r3.
Subcase 2a: In this case u1, u2 /∈M(n, , ). Suppose that the position of the ﬁrst occurrence of  = ak in u1 is p
and in u2 is q, the ﬁrst occurrence of  in u1 is contiguous at the right to the proper sufﬁx p+k−i+1p+k−i+2 . . . k
of maximum length of  and the ﬁrst occurrence of  in u2 is followed by the proper sufﬁx q+k−j+1q+k−j+2 . . . k
of maximum length of , where p < ip + k − 1 and q < jq + k − 1. (u1) is obtained from u1 by replacing
the last p + k − i letters of ak by the factor 12 . . . p+k−i (which has position i) and (u2) from u2 by replacing the
last q + k − j letters of ak by the factor 12 . . . q+k−j (which has position j). If p = q, the conditions u1 = u2 and
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(u1) = (u2) imply that i = j (we can suppose e.g. i < j ) and 1 = 2 = · · · = j−i = a, j−i+1 = 1, j−i+2 =
2, . . . , k = k+i−j . We deduce  = ak = , a contradiction.An alternative argument in this case which will be often
used below is that condition (u1) = (u2) implies that p+k−j+1 . . . k is also a proper sufﬁx of  contiguous at the
right to the ﬁrst occurrence of  in u1, which is longer than p+k−i+1 . . . k , which contradicts again the hypothesis.
If p = q without loss of generality we can suppose that p < q. If p < q i, since (u1) = (u2) and in (u1) the
letters having positions p, p + 1, . . . , i − 1 are equal to a, it follows that in u2 the ﬁrst occurrence of ak is less than
or equal to p < q, a contradiction. If q > i suppose that jp + k. Since (u1) = (u2) it follows that there exists
an occurrence of  in u1 occurring in a position greater than or equal to p + k, which implies u1 ∈ M(n, , ) and
(u1) = u1, a contradiction.
If i + 1q < j < p + k one obtains that p+k−j+1p+k−j+2 . . . k is a proper sufﬁx of  contiguous at the right
to the ﬁrst occurrence of  in u1, which is longer than p+k−i+1 . . . k , which contradicts again the hypothesis.
Subcase 2b: Suppose that the position of the ﬁrst occurrence of  = ak in u1 is p and in u2 is q, the ﬁrst occurrence
of  in u1 is not contiguous at the right to any proper sufﬁx of , but the ﬁrst occurrence of  in u2 is contiguous at
the right to the proper sufﬁx q+k−j+1q+k−j+2 . . . k of maximum length of , where q < j < q + k. (u1) is then
obtained from u1 by replacing in u1 the occurrence of  in the position p by  and (u2) from u2 by replacing the last
q + k − j letters of ak by the factor 12 . . . q+k−j which has the position j.
If qp + k − 1, from (u1) = (u2) it follows that there exists an occurrence of  in u1 in a position greater than
or equal to p + k, thus implying u1 ∈M(n, , ), which contradicts the hypothesis. Suppose that pq < p + k − 1;
if j > p + k − 1 we deduce that there exists an occurrence of  in u1 in a position greater than or equal to p + k, hence
we have obtained again u1 ∈M(n, , ). If q < jp + k − 1 we deduce that the occurrence of  in u1 is contiguous
at the right to a proper sufﬁx of , which contradicts the hypothesis.
Suppose that p − k < q < p. If jp from (u1) = (u2) we deduce that the position of the ﬁrst occurrence of
 = ak in u1 is q < p, a contradiction, and if j < p it follows that the ﬁrst occurrence of  in u2 is contiguous at the
right to the proper sufﬁx q+k−p+1 . . . k of , which is longer than the sufﬁx q+k−j+1 . . . k of , a contradiction.
In the last subcase we have qp − k and we deduce that u2 ∈M(n, , ), a contradiction.
Subcase 2c: In this case u1, u2 /∈M(n, , ). Let p and q, respectively, the position of the ﬁrst occurrence of  = ak
in u1 and in u2; these occurrences are not contiguous at the right to any proper sufﬁx of . We can suppose pq.
If p = q the condition u1 = u2 implies (u1) = (u2) and  is injective. Suppose p < q. If qp + k − 1,
(u1) = (u2) implies that the ﬁrst occurrence of  in u1 is contiguous at the right to a proper sufﬁx of  and if
qp + k we deduce that u1 ∈M(n, , ), both contradicting the hypothesis.
It follows that  is injective. It remains to show that  : L(n, ) → L(n, ) is not a surjection if  = ak and  = ak
contains at least two different letters. Suppose that  = 1 . . . k has not equal letters. We shall prove that the word
w0 = kan−k−1 ∈ L(n, ) is not the image of any word from L(n, ) by the mapping . Suppose that in the word
w0 an occurrence of the factor  has a position i2. If i = 2 we deduce that 1 = 2, 2 = 3, . . . , k−1 = k , hence
 has equal letters, a contradiction. If 3 ik we obtain equations 1 = i , 2 = i+1, . . . , k−i+1 = k, k−i+2 =
k, k−i+3 = · · · = k = a, hence  = ak , which contradicts the hypothesis. If i = k + 1 we deduce 1 = k, 2 =
· · · = k = a, hence  = ak . The same conclusion holds if ik + 2. It follows that the factor  has only the ﬁrst
position in w0, hence w0 can be the image of akkan−k+1 ∈ L(n, ). Since ak is followed by a sufﬁx of  and we have
seen that kak−1 = , by the rule r2, in w0 = (akkan−k+1) the factor  has a position greater than or equal to two,
a contradiction. This concludes the proof. 
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